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MATHEMATICS 
THE CLASSIFICATION OF REDUCED EXCEPTIONAL SIMPLE 
JORDAN ALGEBRAS 
BY 
T. A. SPRINGER 
(Communicated by Prof. H. FREUDENTHAL at the meeting of May 28, 1960) 
This note is based on previous work ([4], [5]). It is our purpose to 
show that by refining some arguments of these papers a satisfactory 
classification of the reduced exceptional simple Jordan algebras over a 
given ground field (with characteristic =1= 2, 3) may be given. 
I. Throughout this note K denotes a commutative field with charac-
teristic =1= 2, 3. Let A be a reduced exceptional simple Jordan algebra 
over K, i.e. an algebra whose elements may be represented by 3 X 3-matrices 
of the form 
(1) 
where lXI, IXz, £Xa run through K, c1, Cz, ca through the elements of an 
octave algebra C over K. The Yt are fixed elements =I= 0 in K. 
The multiplication in A is the Jordan multiplication: ab=!(a·b+b·a), 
where a· b is the ordinary matrix product. The unit matrix e is unit 
element of A. 
We have on A a non-degenerate quadratic form Q defined by 
Q(x) = !t(x2 ), 
t denoting the trace. An easy calculation gives for an x of the form ( 1) 
(2) Q(x) = !(£XI2 + £Xz2 + £Xa2) +ya-1yzN(cl) +y1-1 yaN(cz) +yz-1yiN(ca), 
N denoting the norm in C. (x, y)=Q(x+y)-Q(x)-Q(y) is a symmetric 
bilinear form. 
We begin by recalling some results concerning the Peirce decomposition 
of A with respect to a primitive idempotent proved in [4] and [5], which 
we shall use frequently. 
Let u be a primitive idempotent of A, i.e. u2=u, Q(u)=!. Define the 
subspace Ei of A by 
(x, e)=(X, u)=O, UX=!ix (i=O, 1). 
The dimension of Eo is 9, that of E 1 is 16. 
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If x1, x2, E Eo then x1 X2 = !(xb x2) (e- u). If y1, y2 E E1 then 
Yl o Y2=Y1Y2- t(y1, Y2) (e +u) E Eo, 
if x E Eo, y E E1, then xy E E1. 
Moreover if x E E 0, y E E 1, we have 
(3) 
(4) 
(5) 
(6) 
x(xy) = iQ(x) y 
xy o y= iQ(y)x 
y(y 0 y) = iQ(y) y 
Q(xy) = iQ(x) Q(y), Q(y o y) = iQ2(y). 
There are vectors x1 E Eo with Q(x1) =! (e.g. X1 = Q-1(y) (yo y) with 
y E E1, Q(y) # 0). x1 being fixed, E 1 is the orthogonal direct sum of the 
8-dimensional su bspaces E + and E _ formed by the y with X1Y = iY and 
x1y = - ty, respectively. 
Moreover 
(7) { Y+ 0 Y+=~(Y+)Xl (Y+ E E+), 
Y-o Y-- Q(y-)xl (Y- E E-). 
Take a+, a_ in E+, E_ with Q(a+) Q(a-) of 0. Let 0 be the 8-dimensional 
subspace of Eo orthogonal to x1. The elements of E+(E-) may be written 
uniquely in the form 
Y+=a_c (y-=a+c) with c E 0. 
Moreover Y+ o Y- lies in 0. Define a product c * c' on 0 as follows: 
if c=a_ o Y+, c' =a+ o y-, then 
c' * C=Y+ o Y-· 
Then 0 becomes an octave algebra with unit element 
and with norm form 
Moreover 
(8) 
N(c) = (Q(s))-1 Q(c). 
c(a-c') =iQ(a-) a+(c* c') 
(a+c)c'=iQ(a+) a-(c*c'). 
Putting Y1=1,y2=(Q(a-))-l,y3 =(Q(a+)), we may derive from this a 
representation of the elements of A in the form (1). The diagonal elements 
in ( 1) correspond to the three mutually orthogonal primitive idempotents 
u, i(e-u) +x1, i(e-u) -x1; the places (12), (13), (23) in the matrix 
corresponding to E-, E+ and 0, respectively. · 
These results are derived in [4] p. 258-261 from some formal properties 
(formulas (1), (2), (3) of [4]) which are verified in A. The fact, used 
implicitly in the above enumeration, that the composition algebra 0 is 
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the same (up to isomorphism) for any primitive idempotent u is proved 
e.g. in [5], prop. 1. The first point which we wish to consider here is 
closely related to the proof of that proposition. 
The restriction of Q to Eo is equivalent, as follows from the results 
stated above, with a quadratic form in 9 variables ~ E K, o E 0 
H2+1XN(o), 
where e.g. IX=Q(a+) Q(a-). Hence the equivalence class of this form need 
not be the same for all primitive idempotents u E A; however, it depends 
only on the parameter IX, or even on the class of IX modulo the subgroup 
of the multiplicative group K* formed by the norms N ( o) + 0. We call 
for IX E K* this the norm class u(1X) of IX. We call the norm class of the 
above IX entering in the restriction of Q to Eo norm class of u. Now our 
first result concerns the possible norm classes of the primitive idempotents. 
u being any primitive idempotent, and x1 being an element of Eo with 
Q(x1) = !, we consider the 24-dimensional subspace T of A orthogonal 
to e, u and x1. Since the restriction of Q to the three dim. subspace 
spanned bye, u, x1 is equivalent with !(~12+~22+~32) (for this subspace 
is also spanned by the three orthogonal primitive idempotents 
u, !(e-u)+xl, !(e-u)-x1), the restriction of Q toT is by Witt's theorem 
uniquely determined (up to equivalence) by Q. If the elements of A are 
represented in the form (1), then this restriction is equivalent with the 
quadratic form in 24 variables obtained from the right hand side of (2) 
by omitting !(1XI2+1X22+1X32). 
We can now state the result. 
PROPOSITION 1. The norm classes of the primitive idempotents of A are 
the norm classes of the elements Q(t) + 0 for t E T. 
Hence the norm classes of the primitive idempotents are determined 
by Q alone. 
The proof of prop. 1 follows rather directly from the arguments used 
in the proof of prop. 1 in [5]. It was proved in [5] p. 76 that u being a 
fixed primitive idempotent of A, the other primitive idempotents t are 
of one of the following kinds 
(a) t=(Q(y)+1)-l(u+tQ(y)(e-u)+yo y+y) (y EEt, Q(y)+ -1), 
(b) t= !(e-u) +x1 +y (x1 E Eo, Q(x1) = !, X1Y= !Y, yo y= 0, Q(y) = 0). 
It follows from formula (15) and the last formula on p. 77 in [5] that 
in case (a) the norm class of t is 
u(Q(y) + 1) X norm class of u. 
From the rest of the proof of prop. 1 in [5] we find that in case (b) 
the norm class of t may be found as follows. Use the x1 occurring in t 
for a decomposition of E=E++E-, take a+ EE, with Q(a+)+O. 
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Then the norm class of t is 
x(Q(a+)) X norm class of u. 
Now if t runs through all primitive idempotents of the form (b), 
x(Q(a+) runs through all values x(Q(y)) with y E E1, Q(y) # 0. 
In fact, y being given, y may be taken as an a+ for x1 = (Q(y)-1(y o y) 
on account of (5). Hence we get finally that the norm classes of primitive 
idempotents have the form 
or 
x(Q(y) +I) e 
x(Q(y)) e, 
(y EEl, Q(y) =I= -I) 
(y EEl, Q(y) =I= 0), 
with e=norm class u. 
Now take a fixed X1 in Eo with Q(x1)=! and decompose E1=E++E-. 
Taking a+, a- in E+, E- with Q(a+)Q(a-)#0, the norm class of u is 
x(Q(a+)Q(a-)). Writing they EE1 in the form a+c+a-c' (c, c' EO) we 
see that Q(y) is equivalent with Q(a-) N(c) + Q(a+) N(c'), hence the norm 
classes of the primitive idempotents coincide with those of the elements 
# 0 of the form 
or 
(Q(a-) N(c) + Q(a+) N(c') +I) Q(a+) Q(a-) 
(Q(a-) N(c) + Q(a+) N(c')) Q(a+) Q(a-). 
The totality of these norm classes coincides obviously with that of 
the elements =1= 0 of the form 
Q(a+) N(c) + Q(a-) N(c') + Q(a+) Q(a-) N(c"). 
On the other hand the restriction of Q to T is equivalent with this 
quadratic form in the 24 variables (c, c', c"). This establishes prop. I. 
2. Proposition I gives information about the indetermination of the 
first step in the decomposition of A with respect to a primitive idempotent 
u. In the second step X1 E Eo with Q(x1) =! is chosen and E1 is decomposed 
into E+ and E-. As we recalled in nr. I, a representation of A in the form 
(I), with Yl=I,y2 =(Q(a-))-l,ya=Q(a+) corresponds to this choice. We 
now ask how these Yt vary if X1 varies in Eo. 
In order to settle this point a number of preliminary results must be 
established. 
We use the following notations. If F is a quadratic form on a vector 
space V over K a rotation t of F is an orthogonal transformation with 
determinant + I. A similarity of F is a linear transformation v of V 
such that 
F(v(x))=n(v) F(x) with n(v)#O in K 
n(v) is the norm of v. We denote by v(v) the class of n(v) mod squares. 
418 
The spinornorm of a rotation t is denoted by a(t), it is an element 
of K* j(K*)2. The class of A. E K* mod (K*)2 is denoted by n(A.). 
Let u be a fixed primitive idempotent of A. Decompose A with respect 
to u. 
Then we have 
PROPOSITION 2. Let t be a rotation of the restriction of Q to E 0. 
(a) There exists a similarity v of the restriction of Q to E1 such that 
(9) v(xy) = t(x) v(y) (x E Eo, y E E1), 
(b) a(t)=v(v), 
(c) u is unique up to scalar factors of 0. 
Proof. Let Sa be the symmetry in Eo defined by the non-isotropic 
vector a: 
sa(x)=x-Q-l(a) (x, a)a. 
Any rotation t may be written as a product of an even number of 
symmetries. Hence any rotation tis a product of the special rotations -Sa. 
It is readily verified (using the fact that the determinant of Q on Eo is 
a square) that a( -sa)=n(Q(a)). 
Moreover, if 
(i= 1, 2), 
then 
(v1 v2)(xy) = (h t2)(x) v1 v2(y), 
and 
a(h t2) = a(h) a(t2), v( v1 v2) = v( vi) v( v2). 
It follows that it suffices to prove (9) for t= -sa. 
We assert that we may take in this case v(y)=ay. For by (3) we have 
a(xy) = -x(ay) +!(a, x) y = - (x- Q-I(a)(a, x) a)(ay) = (- sax)(ay). 
Moreover by (6) the norm of v is !Q(a), hence v(v)=n(Q(a))=a(t). 
This settles (a) and (b). 
For the proof of (c) it suffices to consider the case t = l. We must show 
that then (9) implies that v(y) =Ay. This fact is related to prop. 2 of [5), 
it may be derived from that proposition (using lemma 1 below). We shall 
give another proof. Take again XI E Eo with Q(XI) = l and decompose 
EI=E++E-. We use the notations explained in nr. l. 
From v(xiy) =XI v(y) it follows that v(E+) =E+, v(E-) =E-. Hence 
writing the elements of E_ in the form a+c(c EO), we get a linear trans-
formation VI of 0 by 
v(a+c) = a+(vi(c)). 
v2 is defined similarly, starting from E+. Now v(cy) =c(v(y))(c E 0) gives, 
taking y in E- and E+ and using (8), 
{ VI(c')*c=v2(C'*_c), (10) 
c * v2(c') = vi(c * c'). 
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Taking c' =8 in (10) we get 
Vi(C)=C* a, V2(C)=b* C, 
with fixed a, b in 0. Substituting this into (10) we find 
(a*C')*c=b* (C'*c) 
for all c, c' E 0. Taking c=c' =8 this gives a=b. But then it is well-known 
that a must be in K. This finishes the proof of prop. 2. 
Proposition 2 is related to the triality principle in octave algebras. 
In fact the argument used in the proof of part (c) applied to an arbitrary t 
gives the following result. 
For any rotation t of the norm form N of 0 similarities t1 and t2 of N exist, 
such that 
tt(c* c')=t(c)* t2(c'), 
t1 and t2 are unique up to a scalar factor and v(tt) = v(t2) = a(t). 
This is a formulation of the triality principle in 0 (compare e.g. [3], 
p. 16). Actually, t may even be a proper similarity of N. This follows 
easily from the Moufang-identities in 0. 
On the other hand, the situation described in prop. 2 may also be 
described in the more general context of spinor representations. This is 
based on the fact that on account of (3) the multiplications 
y ____,., 2xy (x E Eo, y E E1) 
determine a representation in E1 of the Clifford algebra of the restriction 
of Q to Eo. 
Next we derive an auxiliary result. 
LEMMA 1. Let t and v be as in prop. 2. Then v(y) o v(y)=n(v)t(yoy). 
Proof. Take x=y o yin (9). Then replacing y by v-1(y) we get using (5) 
t(v-l(y) o v-l(y)y=!Q(v-l(y))y. 
Now let Q(y) i= 0. Put x1 = Q(v-l(y))-1 t(v-l(y) o v-l(y)). Then Q(x1) =! 
and X1Y=tY· 
By (7) we have yo y=Q(y)x~, which is equivalent with our assertion 
in the case Q(y) i= 0. This implies the assertion for all y. 
Now if the spinornorm oft is 1, lemma 1 implies that u may be chosen 
such that 
v(y) o v(y) = t(y o y) 
this v is determined up to sign. It follows using the multiplication rules 
in A that the linear transformation -r of A defined by 
(ll) { :~~) :: 
-r(x) = t(x) 
-r(y) = v(y) 
(x E Eo) 
(y EEl) 
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is an automorphism of A leaving u invariant. Conversely, such an 
automorphism must have the form (11). 
Hence 
PROPOSITION 3. The subgroup H of the automorphism group of A leaving 
u invariant, modulo its center, is isomorphic with the reduced orthogonal 
group of the restriction of Q to Eo. 
We shall now proceed to prove that the group of the v(v), v running 
through the similarities of Q on E1, coincides with the group of all spinor-
norms a(t), t running through the rotations of Q on Eo. 
LEMMA 2. Let y, z E Er, Q(y) Q(z) # 0. There exist elements xr, ... , X1c in Eo 
such that y = x1(x2( .. . (x1c y) ... ). 
Proof. First assume that yo y and z o z are linearly dependent, 
yoy=J.(zoz). Put x1=(Q(y))-1(yoy), then x1y=ty. Since (zoz)z= 
=!Q(z)z, Q2(y)=J.2Q2(z) we get x1z= ±!z. Decomposing E 1=E++E- we 
have either y E E+, z E E_ or y, z E E+. In the first case there is a c E 0 
with y = cz. In the second case we take c1 E 0 with Q(c1) # 0. 
Then z1=c1z EE-, Q(z)#O, and we are withy and Z1 in the first case. 
Next assume yo y and z o z linearly independent. \Ve have Q(y o y) = 
=<X2Q(zoz) with <X2=(Q(y)Q-l(z))2. By Witt's theorem there is an 
orthogonal transformation t of Eo such that t(y o y) = <X(z o z). Replacing, 
if necessary, t by - t we may assume that t is a rotation. Write t as a 
product t = (-sa)· .. (- Sxk) as in the proof of prop. 2. If v(y) =X1(x2( .. . (xky) .. . ) 
it follows from the proof of prop. l that v(xy) = t(x) v(y) (x E Eo, y E E1). 
By lemma l we have v(y) o v(y) = J.t(y o y) = fl(Z o z) (Afl # 0). Putting 
y1 = v(y) we see that Y1 o Yl and z o z are linearly dependent, hence we 
are in the case treated first. 
PROPOSITION 4. Let v be a similarity of Q on E1. There is a rotation 
t of Q on Eo with spinornorm v(v). 
Proof. Take y EE1 with Q(y)#O. By lemma 2, applied to z=v(y) we 
have v(y)=x1(x2( ... (x1cy) ... ) with suitable Xi E Eo. Hence v(v)=n(Q(xl) ... 
... Q(xTc)) equals a(( -Sx1) ... ( -sxk)). 
CoROLLARY. The group of spinornorms of the restriction of Q to Eo is 
isomorphic with the group of norms of similarities of Q on E1 mod squares. 
More explicitly, this means that the group of spinornorms of the 
quadratic form ;2+<XN(c) in 9 variables ; E K, c E 0 is isomorphic with 
the group of norms of similarities mod squares of the form in 16 variables 
N(c) + <XN(c'). A similar result is true if 0 is another composition algebra, 
i.e. K, a quadratic extension of K or a quaternion algebra over K. The 
case of 0 = K being trivial, the other cases give determinations of the 
group of spinornorms of some special types of quadratic forms in 3 and 
5 variables. For the case of 3 variables this gives a well-known result 
(see e.g. [2]). 
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We can now treat the question mentioned at the beginning of nr. 2 viz. 
how Q(a+) and Q(a-) vary if x1 varies in E 0 • Let x1 and x1' be two elements 
in Eo with Q(x1)=Q(x1')=!· Let E1=E++E-,E1=E+'+E-' be the 
corresponding decompositions. As a consequence of Witt's theorem there 
is a rotation t in Eo with t(x1) = x1'. Determining v as in prop. 2 it follows 
from (9) that v(E+)=E+', v(E-)=E-'. Taking a+, a_ in E+, E- with 
Q(a+)Q(a-)*0 and likewise a+', a-' in E+', E-', we see that the normclass 
"(Q(a+')) equals "(Q(a+)v(v)). By prop. 4 we see that "(Q(a+')) = "(Q(a+)) "(A), 
where rJ(A) is a spinornorm of a rotation t. Clearly if x1' varies, rJ(A) can 
be any spinornorm. On the other hand, the restriction of Q to E1 is 
equivalent with the quadratic form in I6 variables c, c' E C 
Q(a-) N(c) + Q(a+) N(c'), 
or with 
Q(a+)(N(c') + Q(a+) Q(a-) N(c)). 
But Q(a+) Q(a-) is in the normclass of u. Hence we see that Q(a+) is 
determined up to a norm of a similarity v of E1 by Q and the normclass of u. 
Consequently we have the following result 
PRoPOSITION 5. The possible values A of Q(a+) are such that the restriction 
of Q to E1 is equivalent with 
A(N(c) + £XN(c')), 
£X being in the normclass of u. 
The preceding results imply the main result of this note. 
THEOREM I. If A and A' are two reduced-exceptional simple Jordan 
algebras over K with the same coefficient algebra C, then A and A' are 
isomorphic if and only if the corresponding quadratic forms Q and Q' are 
equivalent. 
Proof. Assume that Q and Q' are equivalent. From prop. I it follows 
that for any primitive idempotent u E A we can find a primitive 
idempotent u' E A' with the same norm class. Then for any X1 E Eo 
with Q(x1) =! we can find on account of prop. 5 an x1' in Eo' with 
Q(x1')=i such that Q(a+)=Q(a+'). u and x1 determine a representation 
of A in the form (I), u' and x' determine such a representation of A', 
and the y's are the same in both cases. 
CoROLLARY. A and A' are isomorphic if and only if their quadratic 
forms Q, Q' and cubic forms det, det' are equivalent. 
This follows from Th. I and the fact that the cubic form det on A 
determines C up to isomorphism (see [5], Th. I). 
Theorem I implies that in order to classify the exceptional simple 
Jordan algebras A over K with given 0, we must determine the equivalence 
classes of the quadratic forms in 24 variables c1, c2, c3 E C 
(I2) 
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with y1, y2, y3#0 in K. We shall show briefly how some results of [1] 
can be obtained in a simple manner. 
(a) K is real closed. There are two distinct octave algebras 0, the split 
one and a field. In the first case (12) is hyperbolic in 24 variables. There 
is exactly one equivalence class of such forms. In the second case it 
follows readily that the signature of (12) is either (24,0) or (8, 16). 
Hence there are 3 distinct types of algebras A. 
(b) K is an algebraic number field. Then we can apply Hasse's theorem 
which states that two quadratic forms are equivalent if and only if 
all corresponding ,)J-adic forms are so, ,)J running through the finite 
and infinite places of K. 
Now let 0 be a fixed octave algebra over K. Assume that the ,)J-adic 
norm form Nv is positive definite for u real infinite places ,)J1, ... , .\Ju· 
For all other places ,)J, Nv is hyperbolic. Hence (12) is hyperbolic for all 
places, except ,)J1, •.• , .\Ju. On account of Hasse's theorem there are 
2u possibilities for the equivalence classes of forms of type (12). These 
possibilities can be realized by proper choice of the signatures of the Yi· 
Let r0 be the number of real infinite places of K. There are (~) 
non-isomorphic O's such that Nv is positive definite for u real infinite ,)J 
(see [1]). Hence the total number of non-isomorphic A is u~o (:0) 2U=3'•. 
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